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On the weak limit of compact operators on the
reproducing kernel Hilbert space and related

questions

Suna Saltan

Abstract

By applying the so-called Berezin symbols method we prove a Gohberg-
Krein type theorem on the weak limit of compact operators on the non-
standard reproducing kernel Hilbert space which essentially improves
the similar results of Karaev [5]. We also in terms of reproducing ker-
nels and Berezin symbols investigate the structure of invariant subspaces
of compact operators.

1 Introduction

It is a classical result that, if a sequence (Kn) of compact operators on a
Hilbert space (or, in Banach space) uniformly converges to an operator K,
then K is also compact. Also it is well known that neither strong limit nor
weak limit of compact operators is compact in general. Thus the following
question is essential (see Karaev [5]): under which conditions is the weak
limit of a sequence of compact operators, a compact operator too? A first
answer to this was provided in Gohberg and Krein [4, Chapter 3]. Namely, the
authors proved that, under some growth conditions on the singular numbers
(s-numbers) of compact operators Kn, the weak limit of (Kn) is compact.
Further, this result of Gohberg and Krein has been somewhat improved by
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Pehlivan and Karaev [9] by using the concept of statistical convergence of
the summability theory. Recently, Karaev [5] proved the following Gohberg -
Krein type theorem by applying Berezin symbols technique.

Theorem 1. Let H = H(Ω) be a standard functional Hilbert space on some
set Ω and (Kn) be a sequence of compact operators on H weakly converging to
an operator A on H. If the double limit

lim
λ→∂Ω, n→∞

˜U−1KnU(λ) = L

exists for every unitary operator U : H→ H, then A is compact operator and
L = 0 holds.

The proof of this theorem essentially uses a results of Nordgren and Rosen-
thal [8, Corollary 2.8] which characterize compact operators on the standard
reproducing kernel Hilbert spaces in terms of Berezin symbols their unitary
orbits.

In this article we will prove that the hypothesis of standardness of the
reproducing kernel Hilbert space (or, equivalently, functional Hilbert space)
H in Theorem 1 can be highly weakened. We also investigate in terms of
reproducing kernels and Berezin symbols the invariant subspaces of compact
operators on the reproducing kernel Hilbert spaces.

Before giving our results we need some necessary notations and prelimi-
naries.

2 Notations

Let Ω be a subset of a topological space X such that the boundary ∂Ω is non-
empty. Let H = H(Ω) be an infinite dimensional Hilbert space of complex-
valued functions defined on Ω. We say that (see, for instance, Aronzajn [1],
Karaev [6] and Saitoh [10, 11]) H is a reproducing kernel Hilbert space (RKHS)
if the following two conditions are satisfied:

(i) for any λ ∈ Ω, the evaluating functionals f → f(λ) are continuous on
H;

(ii) for any λ ∈ Ω, there exists fλ ∈ H such that fλ(λ) 6= 0.
By the classical Riesz representation theorem, the assumption (i) implies

that for any λ ∈ Ω there exists kH,λ ∈ H such that f(λ) = 〈f, kH,λ〉H for any
f ∈ H. This function kH,λ is called the reproducing kernel of H at point λ.
On the other hand, by the assumption (ii), we have kλ 6= 0 and we denote by

k̂H,λ the normalized reproducing kernel, that is

k̂H,λ =
kH,λ

‖kH,λ‖H
, λ ∈ Ω.
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If B(H) denotes the Banach algebra of linear and bounded operators acting

in H = H(Ω), then the Berezing symbol Ã of any operator A ∈ B(H) is the
complex valued function defined on Ω by

Ã(λ) :=
〈
Ak̂H,λ, k̂H,λ

〉
, λ ∈ Ω.

Clearly, Ã is bounded on Ω and

sup
λ∈Ω

∣∣∣Ã(λ)
∣∣∣ ≤ ‖A‖ .

Following Nordgren and Rosenthal [8], we say that a RKHS H is standard, if

k̂H,λ → 0 weakly as λ → ξ, for any point ξ ∈ ∂Ω. Most of RKHS, including
the Hardy and Bergman Hilbert spaces of analytic functions on the unit disc
D = {z ∈ C : |z| < 1} are standard in this sense.

For H = H(Ω) a standard RKHS and K a compact operator on H, obvi-

ously lim
n→∞

K̃(λn) = 0 whenever {λn} ⊂ Ω converges to a point of ∂Ω (because

compact operators send weakly convergent sequences into strongly convergent

ones and
∣∣∣K̃(λ)

∣∣∣ ≤ ∥∥∥Kk̂H,λ

∥∥∥ according to Cauchy-Schwartz inequality). In

this sense, the Brezin symbol of compact operator on a standard functional
Hilbert space vanishes on the boundary.

3 Berezin symbols and weak limit of compact operators

In this section, we show that the hypothesis of standardness of the RKHS H in
Theorem 1, which due to Karaev [5, Theorem 4.1], can be essentially weakened.
For this purpose, following Chalendar et al. [3], for any RKHS H = H(Ω) (not
necessarily standard), denote by ∂HΩ the subset of the boundary of the set Ω
defined by

∂HΩ =
{
ξ ∈ ∂Ω : k̂H,λ → 0 weakly whenever λ→ ξ

}
.

Clearly, H is standard if and only if ∂HΩ = ∂Ω. In the case where ∂HΩ 6= ∅,
the authors of the paper [3] proved the following analogue of the results of
Nordgren and Rosenthal [8, Corollary 2.8] mentioned in Section 1.

Theorem 2. ([3]). Let H = H(Ω) be a RKHS on Ω such that ∂HΩ 6= ∅, and
let A ∈ B(H). Then the following assertions are equivalent.

(i) A is compact;
(ii) for every point ξ ∈ ∂HΩ and every unitary operator U on H, we have

lim
λ→ξ

Ũ−1AU(λ) = 0;
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(iii) there exists a sequence {λn}n≥1 of points in Ω, converging to a point
ξ ∈ ∂HΩ, such that for every unitary operator U on H, we have

lim
n→+∞

Ũ−1AU(λn) = 0.

Here we will use Theorem 2 to prove the following main result of the present
section.

Theorem 3. Let H = H(Ω) be a RKHS on Ω such that ∂HΩ 6= ∅, and
(Kn)n≥1 be a sequence of compact operators on H weakly converging to an
operator K ∈ B(H). If the double limit

lim
λ→∂HΩ, n→∞

˜U−1KnU(λ) := `

exists for any unitary operator U ∈ B(H), then K is a compact operator and
` = 0 holds.

Proof. Since Kn → K weakly as n→∞, we have lim
n→∞

〈Knf, g〉 = 〈Kf, g〉 for

any f, g ∈ H. In particular, lim
n→∞

〈
Knk̂H,λ, k̂H,λ

〉
=
〈
Kk̂H,λ, k̂H,λ

〉
, which

means that
lim
n→∞

K̃n(λ) = K̃(λ), λ ∈ Ω.

On the other hand, we obtain that

˜U−1KnU(λ) =
〈
KnUk̂H,λ, Uk̂H,λ

〉
→
〈
KUk̂H,λ, Uk̂H,λ

〉
=
〈
U−1KUk̂H,λ, k̂H,λ

〉
= ˜U−1KU(λ)

for every unitary operator U ∈ B(H). Thus

˜U−1KnU(λ)→ ˜U−1KU(λ) as n→∞

for all λ ∈ Ω. By considering that Kn, n ≥ 1, are compact operators and
∂HΩ 6= ∅, it follows from Theorem 2 that

lim
λ→∂HΩ

˜U−1KnU(λ) = 0.

Since by condition of the theorem the double limit

lim
λ→∂HΩ, n→∞

˜U−1KnU = `

exists and
lim
n→∞

˜U−1KnU(λ) = ˜U−1KU(λ),
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we obtain

lim
n→∞

lim
λ→∂HΩ

˜U−1KnU(λ) = lim
λ→∂Ω

lim
n→∞

˜U−1KnU(λ) = `,

which means that lim
λ→∂HΩ

˜U−1KU(λ) = ` = 0, because it is obvious that

lim
n→∞

lim
λ→∂HΩ

˜U−1KnU(λ) = 0.

Now by applying Theorem 2, we obtain that K is compact, as desired.

4 Invariant subspaces of compact operators

The famous theorems of J. von Neumann (see in [2]) and Lomonosov [7] prove
in particular the existence of nontrivial invariant subspaces of compact oper-
ators on the Hilbert and Banach spaces. Here we describe in terms of repro-
ducing kernels and Berezin symbols invariant subspaces of compact operators.
The following result belongs to Karaev [5, Proposition 3.5].

Proposition 1. Let ϕ ∈ L∞(∂D) and Tϕ be a Toeplitz operator defined on the
Hardy-Hilbert space H2 = H2(D) by Tϕf = P+ϕf , where P+ : L2(∂D)→H2

is the Riesz projector. Then for every (closed) subspace E ⊂ H2(D)

∣∣(TϕkEH2,λ

)
(λ)−

(
ϕ̃kEH2,λ

)
(λ)
∣∣ = O

(
1

1− |λ|2

)
(1)

as λ → ∂D radially; here ϕ̃ is the harmonic extension of ϕ onto the unit
disc D, kEH2,λ := PEkH2,λ is the reproducing kernel of the subspace E and

kH2,λ(z) = (1− λz)−1 stands for the reproducing kernel of H2.

We have from this result in particular that if E ⊂ H2(D) is a nontrivial
(i.e., {0} 6= E 6= H2) closed Tϕ-invariant subspace, (i.e., TϕE ⊂ E) then
the relation (1) is satisfied. The proof of Proposition 1 shows that the latter
corollary is also true for the invariant subspaces of any compact operators
K acting on H2. In this section, we generalize this result for the compact
operators acting in any RKHS with ∂HΩ 6= ∅ (see Section 3).

Theorem 4. Let H = H(Ω) be a RKHS on Ω such that ∂HΩ 6= ∅, and let
K ∈ B(H) be a compact operator. If E ⊂ H be a subspace and KE ⊂ E, then

lim
λ→ξ∈∂HΩ

∣∣∣(KkEH,λ) (λ)−
(
K̃kEH

)
(λ)
∣∣∣

‖kH,λ‖2
= 0, (2)

where K̃ is the Berezin symbol of the operator K.
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Proof. The proof is similar to the one of Proposition 1 from [5]; however, for
completeness reasons, we provide it. For this purpose, let (ej(z))j≥1 be an

orthonormal basis in E. Then, clearly PEf =
∑
j≥1

〈f, ej〉 ej for every f ∈ H,

where PE : H→ E is an orthogonal projection. By setting

g := K(PEkH,λ)− K̃(λ)(PEkH,λ),

we have
g = (K − K̃(λ)IH)

∑
j≥1

〈kH,λ, ej〉 ej ,

g(λ) = 〈g, kH,λ〉 =

〈
(K − K̃(λ)IH)

∑
j≥1

〈kH,λ, ej〉 ej , kH,λ

〉

=

〈∑
j≥1

〈kH,λ, ej〉 ej ,
(
K∗ − K̃(λ)IH

)
kH,λ

〉
,

and hence

|g(λ)| ≤

∥∥∥∥∥∑j≥1

〈kH,λ, ej〉

∥∥∥∥∥∥∥∥(K∗ − K̃(λ)IH

)
kH,λ

∥∥∥
≤ ‖kH,λ‖H

∥∥∥(K∗ − K̃(λ)IH

)
kH,λ

∥∥∥
= ‖kH,λ‖2H

∥∥∥∥(K∗ − K̃(λ)IH

) kH,λ

‖kH,λ‖H

∥∥∥∥
= ‖kH,λ‖2H

∥∥∥(K∗ − K̃(λ)IH

)
k̂H,λ

∥∥∥ .
Thus

|g(λ)| ≤ ‖kH,λ‖2H
∥∥∥(K∗ − K̃(λ)IH

)
k̂H,λ

∥∥∥ . (3)

Now, by considering that
1. ∂HΩ 6= ∅ ;
2. K is compact (and hence K∗ is also compact);

3. K̃(λ) ≤
∥∥∥Kk̂H,λ

∥∥∥
H

;

4. k̂H,λ → 0 weakly as λ→ ξ ∈ ∂HΩ (see Theorem 2 in Section 3);

we have that
∥∥∥(K∗ − K̃(λ)IH

)
k̂H,λ

∥∥∥ → 0 as λ → ξ ∈ ∂HΩ. According (3),

this implies (2). The proof is completed.
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Corollary 1. For ϕ ∈ L∞(∂D), let Tϕ be a Toeplitz operator on H2 and
K : H2 → H2 be any compact operator. If E ⊂ H2 and (Tϕ +K)E ⊂ E,
then

lim
λ→∂D

(
1− |λ|2

) ∣∣∣∣[(Tϕ +K)PE

(
1

1− λz

)]
(λ)−

(
ϕ̃(λ) + K̃(λ)

)(
PE

1

1− λz

)∣∣∣∣ = 0.

This corollary is immediate from Proposition 1 and Theorem 4.
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